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a b s t r a c t
The first proof is given that for every even integer s ≥ 4, the graph consisting of s vertex
disjoint copies of C3, (denoted sC3) is vertex-magic. Hence it is also edge-magic. It is shown
that for each even integer s ≥ 6, sC3 has vertex-magic total labelings with at least 2s − 2
different magic constants. If s ≡ 2 mod 4, two extra vertex-magic total labelings with
the highest possible and lowest possible magic constants are given. If s = 2 · 3k, k ≥ 1,
it is shown that sC3 has a vertex-magic total labeling with magic constant h if and only if
(1/2)(15s+ 4) ≤ h ≤ (1/2)(21s+ 2). It is also shown that 2C3 is not vertex-magic. If s is
odd, vertex-magic total labelings for sC3 with s+1 different magic constants are provided.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a simple graph with vertex set V and edge set E. A total labeling of a graph is a bijective map f : V ∪ E →
{1, 2, . . . , |V | + |E|}. If x, y ∈ V and if e = {x, y} ∈ E, then the weight wtf (e) of the edge e is given by wtf (e) =
f (x) + f (y) + f (e). The total labeling f is said to be an edge-magic total labeling if the weight of each edge is a constant.
The weight wtf (x) of a vertex is defined as wtf (x) = f (x) +∑ f (e) where the sum is over all edges e incident with the
vertex x. The total labeling f is said to be a vertex-magic total labeling (VMTL) if the weight of each vertex is a constant, and
this constant is called themagic constant of the VMTL. The labeling that replaces each label f (x)with |V | + |E| + 1− f (x) is
called the dual of f . If G is regular of degree 1 and the magic constant of f is h, then it is straightforward to show that the
dual is also a VMTL with a magic constant of (1+ 1)(|V | + |E| + 1)− h.
If G has an edge-magic (respectively, vertex-magic) total labeling, then G itself is called an edge-magic (respectively,
vertex-magic) graph. Suppose f is an edge-magic total labeling of a 2-regular graph. Then we can easily obtain a VMTL of
the same graph. Indeed, given a component with vertices x1, x2, . . . , xn and edges {xi, xi+1} (take the indices mod n), define
g(xi) = f ({xi−1, xi}) and g ({xi, xi+1}) = f (xi). One sees immediately that g would be a VMTL. Similarly one can obtain an
edge-magic total labeling from a VMTL of any 2-regular graph. Since in this paper we will only deal with 2-regular graphs,
we will sometimes refer to vertex-magic (i.e. edge-magic) 2-regular graphs asmagic graphs.
There have been tremendous recent successes providing general VMTL construction methods for regular graphs, such as
[7,5,10]. However, these results are typically not effective for labeling 2-regular graphs. A notable exception is Wallis’ result
[19], which states that for a vertex-magic regular graph G, the multiple graph sG is also vertex-magic, provided that s is odd
or the degree of G is odd.While there aremany papers dedicated to labeling specific families of regular graphs (e.g., [1,2,11]),
there is very little on 2-regular graphs. In 1970, Kotzig and Rosa proved [9] that all cycles are magic. Since that time, this
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result has been reproven in [3,6,18], with different constructions and different magic constants, but not with different
2-regular graphs. The only results we know of with new graphs are provided in Gray’s thesis [8], where he provides VMTLs
of C3 ∪ C2n (n ≥ 3) as well as C4 ∪ C2n−1 (n ≥ 3).
The first goal of this paper is to prove that the multiple graph sC3 is magic for all even integers s ≥ 4. The second goal is
to classify the possible magic constants for the case where s = 2 · 3k. In Section 2 we provide a key lemma used to adjust
certain VMTLs to obtain others. We use this lemma in Section 3 to immediately provide VMTLs with s + 1 different magic
constants when s is odd. In Section 4 we provide a VMTL tailor made to use the lemma repeatedly, and consequently we
obtain VMTLs with 2s−2 different constants when s ≥ 6 is even. In Section 5 we provide onemore explicit VMTL for sC3 for
s ≡ 2 mod 4, (s ≥ 6). This allows for an inductive argument (Section 6) which provides VMTLs for all remaining possible
magic constants for the case where s = 2 · 3k, k ≥ 1. In Section 7 we complete the analysis by giving our proof that 2C3
is not magic. While this is typically viewed as a consequence of case-by-case calculations, our proof is different in that we
work modulo 12, which eliminates most of the case work. In Section 8 we give a relatively simple VMTL for the case where
s ≥ 4 is even. Finally, in Section 9, we direct the reader towards applications of this work for constructing magic labelings
of other 2-regular graphs.
The graphs sC3 are important for several reasons. First of all, the fact that 2C3 is notmagic suggests that there is no obvious
analogue for Wallis’ general result (described above) for the case where s is even and the degree of G is even. Secondly, sC3
seems to have fewer magic labelings than cycles of the same size. Indeed, our computer search showed that 3C3 has only 32
non-isomorphic magic labelings, even though C9 has 1540 non-isomorphic magic labelings [6]. This suggests that the small
size of each 3-cycle provides an obstruction worth studying, and that sC3 provides a potential source of non-magic regular
graphs. MacDougall’s conjecture states that every regular graph of degree at least 2 is vertex-magic except for 2C3. Thus,
sC3, s even, was a potential source of counterexamples to MacDougall’s conjecture, which remains an open problem. The
graphs sC3 play an additional important role in the subject. In [4] it is shown that sC3 has a labeling that is simultaneously
vertex-magic and edge-magic (called a totally magic labeling) if and only if s is odd. In [17] the main result is to classify the
magic constants of totally magic labelings of sC3 for odd s.
In [15], the range of possible magic constants, or spectrum of odd complete graphs, is determined. In this paper
(Theorem 13) we provide only the second known classification of the spectrum for an infinite family of regular graphs.
In [16] it is shown that the multiple complete graph sKn is vertex-magic when s ≥ 2 is even and n ≥ 4. The current paper
thus provides a valuable addition to that result by addressing the case n = 3.
2. Preliminaries
The range of possible magic constants for a graph is called the spectrum of the graph.
Notation. Given a total labeling of a graph, we will use Sv to denote the sum of all vertex labels and Se will denote the sum of all
edge labels.
Proposition 1. Let G be a graph with n vertices and m edges. Assume we are given a VMTL of G with a magic constant of h. Then
(1) Sv + Se = 1+ 2+ · · · + (n+m) = (n+m) (n+m+ 1) /2
(2) Sv + 2Se = nh.
Proof. Part 1 follows trivially from the bijective property of a total labeling. Part 2 follows from the fact that the label of an
edge {u, v} is a summand in the defining equation for weights of two vertices, namely u and v. 
Now assume that G is 2-regular, so that n = m. Then Se clearly must satisfy the inequality 1 + 2 + · · · + n ≤ Se ≤
(n + 1) + (n + 2) + · · · + 2n. We can obtain another expression for Se by combining part 1 and part 2 of Proposition 1 to
get Se = nh− n(2n+ 1). These two expressions lead to the inequality
5n+ 3
2
≤ h ≤ 7n+ 3
2
.
The integral values within this range are called the feasible values for the 2-regular graph G. Thus, if n is odd there are
n+ 1 feasible values and if n is even there are n feasible values. If f is a VMTL with magic constant h then the dual of f has a
magic constant of
6n+ 3− h
The above definitions and results can be found in more general terms in [12] and in [20].
Notation. [x1, x2, x3, x4, x5, x6]will denote the labels of a component of sC3 written in the sequence vertex–edge–vertex–edge–
vertex–edge. Thus, x1 is the vertex label of a vertex with weight x1 + x2 + x6.
Lemma 2. Given a VMTL of sC3 with a component labeled [a1, b3, a2, b1, a3, b2]. Then b1 − a1 = b2 − a2 = b3 − a3. In other
words, an edge label subtract its opposite vertex label is a constant, which we will call the common difference for the component.
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Proof. By the magic property, a1 + b3 + b2 = a2 + b1 + b3, and therefore b2 − a2 = b1 − a1. Similarly b3 − a3 =
b2 − a2. 
Observe that if the labeling [a1, b3, a2, b1, a3, b2] has a common difference of d, then the weight of each vertex is equal
to a1 + (a2 + d) + (a3 + d). A big part of our strategy in the following three sections is to label as many components as
possible with a common difference of d = 3s. The magic property is verified by checking that the vertex sum on each of
these components is h− 2d.
A main ingredient in the following two sections is the following lemma.
Lemma 3. Let s be a positive integer and let λ0 be a VMTL of sC3 with a magic constant of h. Assume that one of the components
has a vertex labeled 1 and a common difference of 3s. Then there exists another VMTL λ1 of sC3 with a magic constant of h− 3.
Proof. Let T be a component of sC3 as in the statement of the lemma. Thus, λ0 labels T as [1, x+ 3s, y, 1+ 3s, x, y+ 3s], for
some x, y. Define λ1(z) = λ0(z)− 1 for any vertex or edge z which is not in T . Clearlywtλ1(v) = h− 3 for any vertex v not
in T . Let λ1 label T as [6s, x− 1, y+ 3s− 1, 3s, x+ 3s− 1, y− 1]. The fact that λ1 is a total labeling is easily checked, noting
that the label 1 was replaced by 6s. That λ1 is magic is also an immediate calculation. 
3. Magic labelings of sC3 for s odd
Throughout this section s is odd. Thus the graph sC3 has n = 3s vertices and there are 3s+1 feasible values. In this section
we show that there are VMTLs with at least s+ 1 of these values as magic constants. Thus, more than a third of the feasible
values are in the spectrum. This is the first such (non-zero) lower bound for all odd s.
Theorem 4. Let s be an odd positive integer. There exists a VMTL of sC3 such that the labels 1, 2, . . . , s occur on vertices
of different components and such that the common difference of every component is 3s. The magic constant of this VMTL is
h = 12 (21s+ 3).
Proof. Since every common difference is 3s, we need only declare the set {i, xi, yi} of vertex labels for each component
i = 1, 2, . . . , s. These triples must partition the set {1, 2, . . . , 3s} such that the sum of the elements in any triple is constant.
It is well known that this is possible (e.g. [4], lemma 9), however, we will provide an explicit formula. Let s = 2q − 1. Let
xi = 4q − 2i if 1 ≤ i ≤ q and xi = 6q − 1 − 2i if q + 1 ≤ i ≤ s. Let yi = 5q − 3 + i if 1 ≤ i ≤ q and yi = 3q − 2 + i if
q+ 1 ≤ i ≤ s. The resulting labeling is readily verified to be magic with the prescribed magic constant. 
It is worth noting that the triples used in the above proof can be generated from a 3×s Kotzig array. (See [21] for a discussion
of Kotzig arrays.)
Theorem 5. Let s be an odd positive integer. There exists a VMTL of sC3 with a magic constant of 12 (21s+ 3− 6j) for j =
0, 1, 2, . . . , s.
Proof. For j = 0, use Theorem 4. For 1 ≤ j ≤ s, use j successive applications of Lemma 3 on the labeling from Theorem 4.

4. Many magic labelings of sC3 for even s
Throughout this section s is even and we will write s = 2t . Thus, there are 3s feasible values for sC3. Indeed, using the
equation for the feasible values from Section 2, and setting n = 6t , we see that if a VMTL has a magic constant of h, then,
since h is an integer,
15t + 2 ≤ h ≤ 21t + 1.
The goal of this section is to constructively show that for t ≥ 3, at least 2s − 2 of these feasible values are actually in the
spectrum of sC3. The major accomplishment was finding a VMTL where we could repeatedly use Lemma 3. For the reader’s
convenience, Fig. 1 shows an example of the construction with t = 7, with labels less than or equal to 3s in bold.
Theorem 6. Let s = 2t be a positive even integer. If t ≥ 3 then there exists a VMTL of sC3 such that the labels 1, 2, . . . , s − 2
occur on vertices of different components and such that the common difference of each of these components is 3s. The magic
constant of this VMTL is h = 21t − 1.
Proof. The two components without a common difference of 3s are labeled:
[2t, 9t, 9t − 1, 3t, 8t, 10t − 1], [3t − 1, 6t, 11t, 4t − 1, 5t, 12t].
For the remaining components, we will list only the set of vertices for each component. This is sufficient as every common
difference is d = 3s. The magic property can thus be verified by checking that the sum of vertex labels on each component
is h− 2d = 9t − 1. We distinguish two cases:
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Fig. 1. A VMTL of 14C3 .
Case 1: t is odd. Let t = 2r + 1. The vertex sets are:
{i, 5t + i, 4t − 1− 2i}, for 1 ≤ i ≤ r − 1
{r, 4t, 4t + r} and {r + 1, 4t − 2, 4t + r + 1}
{i, 5t − 2+ i, 4t + 1− 2i}, for r + 2 ≤ i ≤ t + 1
{i, 3t − 1+ i, 6t − 2i}, for t + 2 ≤ i ≤ t + r
{i, 3t + 1+ i, 6t − 2− 2i}, for t + r + 1 ≤ i ≤ 2t − 2.
Case 2: t is even. Let t = 2r . The vertex sets are:
{i, 5t + i, 4t − 1− 2i}, for 1 ≤ i ≤ r − 1
{r, 4t, 4t + r − 1} and {r + 1, 4t − 2, 4t + r}
{i, 5t − 2+ i, 4t + 1− 2i}, for r + 2 ≤ i ≤ t + 1
{i, 3t − 1+ i, 6t − 2i}, for t + 2 ≤ i ≤ t + r − 1
{i, 3t + 1+ i, 6t − 2− 2i}, for t + r ≤ i ≤ 2t − 2. 
Corollary 7. Let s = 2t be a positive even integer. If t ≥ 3 then, then there exists a VMTL of sC3 with a magic constant of
21t − 1 − 3j for j = 0, 1, 2, . . . , s − 2. Furthermore, there exists a VMTL of sC3 with a magic constant of 21t − 2 − 3j for
j = 0, 1, 2, . . . , s− 2.
Proof. Use j successive applications of Lemma 3 on the labeling from Theorem 6 to get the first part of the corollary. Then
use duality on these s− 1 labelings to get the remaining s− 1 VMTLs. 
5. The largest feasible value for s = 2t , t ≥ 3 odd
In this section we will show that for s = 2t and t ≥ 3 odd, then sC3 has a VMTL with magic constant 21t + 1. By duality,
it also has another one with magic constant 15t + 2. First we need a technical lemma:
Lemma 8. Let x, y and z be any real numbers, let k be any positive integer such that k ≥ 2. Let X = {x + i | i =
1, 2, . . . , k+1, except for i = 3}, let Y = {y+i | i = 1, 2, . . . , k+1, except for i = k−1} and let Z = {z+2, z+4, . . . , z+2k}.
Assume that X, Y and Z are mutually disjoint sets. Then the 3k numbers X ∪ Y ∪ Z can be partitioned into triples such that the
sum of elements in each triple is equal to x+ y+ z + 2k+ 3.
Proof. Note that it is enough to prove that X ∪ Y can be partitioned into pairs Ai such that for each i = 1, 2, . . . , k, the sum
of both elements of Ai is equal to x + y + 1 + 2i. We proceed by strong induction on k, with four base cases. If k = 2, let
A1 = {x+ 1, y+ 2} and A2 = {x+ 2, y+ 3}. If k = 3, let A1 = {x+ 2, y+ 1}, A2 = {x+ 1, y+ 4} and A3 = {x+ 4, y+ 3}.
If k = 4, then let A1 = {x + 1, y + 2}, A2 = {x + 4, y + 1}, A3 = {x + 2, y + 5} and A4 = {x + 5, y + 4}. Finally if k = 5,
then let Ai = {x + i, y + i + 1} for i = 1, 2, 4, 5 and let A3 = {x + 6, y + 1}. Now assume that k ≥ 6 and by the inductive
D. McQuillan, J.M. McQuillan / Discrete Mathematics 309 (2009) 2755–2762 2759
hypothesis, the problem has been solved for the case where |X | = |Y | = k − 4. Let Ai for i = 1, 2, . . . , k − 4 be the pairs
obtained from that case, and it remains to build four more pairs as follows:
Ak−3 = {x+ k, y+ k− 5}, Ak−2 = {x+ k− 1, y+ k− 2}
Ak−1 = {x+ k− 2, y+ k+ 1}, and Ak = {x+ k+ 1, y+ k}.
The result follows. 
Theorem 9. Let s = 2t be an even integer, and assume that t ≥ 9 is odd. Then there is a VMTL of sC3 with a magic constant of
h = 21t + 1.
Proof. Let t = 2r + 1. There are only three components without a common difference of 3s. They are labeled:
[t, 8t + 1, 7t, 6t, 3t + 1, 12t], [2t, 9t + 1, 3t, 9t, 2t + 1, 10t]
[4t, 5t + r + 1, 7t + r + 1, 8t, t + r + 1, 11t + r + 1].
For the remaining components, we will list only the set of vertices for each component.This is sufficient as every common
difference is d = 3s. The magic property can thus be verified by checking that the sum of vertex labels on each component
is h− 2d = 9t + 1. The vertices are labeled as follows:
{1, 4t + r, 4t + r + 1} and {r + 1, 4t − 1, 4t + r + 2}
{i, 4t + 1− 2i, 5t + i}, for i = 2, 3, . . . , t − 1 except for i = r + 1
{t + 3, 3t − 3, 5t + 1}, for {t + r, 3t − 1, 4t + r + 3}
{t + r + 2+ i, 3t − 3− 2i, 4t + r + 3+ i}, for i = 1, 2, . . . , r − 2
{t + r + 2, 3t + 3, 4t + r − 3}.
To complete the proof, we use Lemma 8 with k = r − 2, x = t, y = 4t and z = 3t + 3. 
Theorem 10. Let s = 2t, and assume that t = 3, 5 or 7. Then there is a VMTL of sC3 with a magic constant of h = 21t + 1.
Proof. The three components without a common difference of 3swill be the same as in the proof of the previous theorem.
For the remaining components, we list only each set of vertex labels, and the reader may verify that the sum of the elements
in each triple is 9t + 1.
Case 1: t = 3. The vertices are labeled:
{1, 13, 14}, {2, 11, 15}, {4, 8, 16}.
Case 2: t = 5. The vertices are labeled:
{1, 22, 23}, {2, 17, 27}, {3, 19, 24}, {4, 13, 29}{6, 14, 26}, {7, 18, 21}, {9, 12, 25}.
Case 3: t = 7. The vertices are labeled:
{1, 31, 32}, {2, 25, 37}, {3, 23, 38}, {4, 27, 33}, {5, 19, 40}, {6, 17, 41}{8, 20, 36},
{9, 26, 29}, {10, 24, 30}, {12, 18, 34}, {13, 16, 35}. 
Corollary 11. Let s = 2t be an even integer, and assume that t ≥ 3 is odd. Then there is a VMTL of sC3 with a magic constant of
h = 21t + 1 and another one with a magic constant of 15t + 2.
Proof. The first part follows from the two previous theorems, and the second part by duality. 
6. The spectrum of sC3 for s = 2 · 3k , with k ≥ 1
The goal of this section is to prove Theorem 13, which shows that every feasible magic constant of sC3 is indeed a magic
constant when s = 2 ·3k and k ≥ 1. In light of the previous two sections, it remains to construct VMTLswithmagic constants
of 15t + 3, 15t + 6, . . . , 21t , where t = 3k.
Lemma 12. Let q be any positive integer not equal to 2. Let s = 3q. Assume that f is a VMTL of qC3 with a magic constant of hf .
Then there is a VMTL f ∗ of sC3 with a magic constant of hf ∗ = 3hf − 3.
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Fig. 2. 2C3 is not magic.
Proof. Assume that f labels one of the q components as [a1, a2, a3, a4, a5, a6]. Then f ∗ will label three corresponding
components as:
[3a1 − 2, 3a2 − 1, 3a3, 3a4 − 2, 3a5 − 1, 3a6]
[3a1 − 1, 3a2, 3a3 − 2, 3a4 − 1, 3a5, 3a6 − 2]
[3a1, 3a2 − 2, 3a3 − 1, 3a4, 3a5 − 2, 3a6 − 1].
Observe that if f uses the label x, then f ∗ will use the labels 3x − 2, 3x − 1 and 3x. Thus, f ∗ inherits from f the property of
being a total labeling. We see from a direct calculation that f ∗ also inherits the magic property from f with the prescribed
constant. 
Theorem 13. Let s = 2t and let t = 3k for any integer k ≥ 1. Then sC3 has a VMTL with a magic constant of h if and only if
15t + 2 ≤ h ≤ 21t + 1.
Proof. We note that most of the work has been done in Sections 4 and 5. All that remains are the feasible constants that are
the multiples of 3 mentioned at the start of this section. The proof is by induction on s. For the base case, s = 6, we list the
labels for the edge sets for VMTLs with constants 57, 60 and 63. The reader can then calculate the vertex labels and verify
that each one is indeed a VMTL.
For h = 57, the edge sets are:
{20, 21, 35}{17, 22, 32}{24, 26, 27}{9, 23, 29}{12, 14, 15}{10, 11, 13}.
For h = 60, the edge sets are:
{25, 27, 32}{26, 28, 30}{17, 19, 36}{18, 20, 31}{16, 21, 29}{12, 13, 14}.
For h = 63, the edge sets are:
{28, 29, 33}{23, 25, 35}{24, 27, 32}{20, 21, 34}{16, 17, 36}{18, 19, 31}.
By duality, there are VMTLs with magic constants of 54, 51 and 48. This settles the case for s = 6. Now by the inductive
hypothesis, assume the result solved for qC3 where q = 2p and p = 3k−1. Thus there is a VMTL fi with a magic constant
hi = 15p + 1 + i for each i = 1, 2, . . . , 3q. Applying the lemma on each of these yields a VMTL with a magic constant of
3(hi − 3) = 3(15p+ 1+ i)− 3 = 15t + 3i for each i = 1, 2, . . . , 3q. The result follows. 
7. 2C3 is not magic
In this section we will prove that 2C3 does not have a magic labeling, even if the weights of vertices are takenmod 12. The
proof of Theorem 16 can be seen at a glimpse from Fig. 2, which shows the only possibility for a mod 4 labeling on the inside
of each triangle and the only possibility for a corresponding mod 3 labeling on the outside.
Definition 14. Given a graph with vertex set V and edge set E. Amod n labeling is a map f : V ∪ E → Z/nZ such that each
label is used the same number of times (i.e.|f −1(i)| = |f −1(j)| for each pair i, j ∈ Z/nZ). A mod n labeling is said to bemagic
if the weightwtf (v) of every vertex v is a constant (viewed as an element of Z/nZ). In this case, the constant weight (mod n)
is called themagic constant of the mod n magic labeling.
Lemma 15. Let f be amod 4magic labeling of 2C3 with a magic constant of h = 0. Then, up to isomorphism, the labeling must
have one component labeled [0, y, 0, x, 2, x] and the other component labeled [y, y, x, 0, 2, 2], where {x, y} = {1, 3}.
We leave the proof as an exercise. We did it by first showing that 2C3 has only three non-isomorphic mod 2 magic
labelings with a magic constant of 0. We then analyzed possible extensions of each of these labelings to a mod 4 magic
labelingwith amagic constant of 0, easily eliminating two of themod 2magic labelings. Themod 4magic labeling described
in the lemma is shown in Fig 2, on the inside of each triangle.
Theorem 16. Let f be amod 12 labeling of 2C3. Then f is not magic.
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Fig. 3. A VMTL of 6C3 .
Proof. Byway of contradiction, assume that f is amod 12magic labelingwithmagic constant h. Observe that f is a bijection.
If we add c to each label, we obtain a newmod 12magic labeling with a magic constant of h+3c. Therefore, after a possible
adjustment by adding a suitable c , we may assume that h is either 0, 4 or 8 (mod 12). Now we use the bijection from
the Chinese remainder theorem, to express each label as an ordered pair of remainders Z/12Z → Z/4Z × Z/3Z . Thus we
decompose f into a mod 4 labeling λ, and a mod 3 labeling µ, that are compatible in the sense that two objects given the
same label by λmust be given different labels by µ.
Since h is either 0, 4, or 8, it follows that the magic constant for λ is 0 mod 4, and so Lemma 15 applies to λ. Let v and v′
be the vertices such that λ(v) = λ(v′) = 0 (in the first component). Then, by the above remarks µ(v) 6= µ(v′). Since Z/3Z
only has 3 elements, it is without loss of generality that we write µ(v) = a and µ(v′) = a+ 1 for some a ∈ Z/3Z . Let e be
the edge opposite v and let e′ be the edge opposite v′. Let µ(e) = b. By Lemma 2, µ(e′) = b+ 1.
Let x = λ(e) (as in the conclusion of Lemma 15), and so x = λ(e′) as well. Now in the second component, there is a
vertex uwith λ(u) = x. Due to the compatibility of λ and µ, it follows that µ(u) = b+ 2 mod 3. Let t be the edge incident
with u such that λ(t) = 0, and let t ′ be the other edge incident with u. Again by compatibility, µ(t) = a+ 2. We now have
wtµ(u) = (b+2)+ (a+2)+µ(t ′) andwtµ(v) = a+ (b+1)+µ({v, v′}). Butwtµ(u) = wtµ(v), and soµ(t ′) = µ({v, v′}).
However, λ(t ′) = λ({v, v′}) (denoted by y in the conclusion of Lemma 15). This contradicts the compatibility of λ and µ,
and so f cannot be magic. 
Corollary 17. Let f be a total labeling of 2C3. Then f is not vertex-magic.
8. A magic labeling of sC3 for even s, with s ≥ 4
Let s be even and assume that s ≥ 4. Let s = 2t . In this section we provide another magic labeling of sC3 with magic
constant h = 9s + 2. Even though Corollary 7 allows us to construct a VMTL with this constant for s ≥ 6, we include this
formula because it is probably the simplest general formula that works for all even s ≥ 4. For the reader’s convenience,
Fig. 3 shows an example of the construction with s = 6.
Two components are labeled:
[2s+ 3, 4s− 1, s+ 3, 4s, 2s+ 2, 3s], [2s, s+ 2, 6s− 1, 2s+ 1, s+ 1, 6s].
For the remaining components, we will list only the set of vertices for each component. This is sufficient as every common
difference is d = −1. Note that the magic property can be verified by observing that the sum of vertex labels on each
remaining component is h− 2d = 9s+ 4.
If t > 2, then label the vertex sets of t − 2 components as:
{s+ 3+ 2i, 2s+ 3+ 2i, 6s− 2− 4i} for i = 1, 2, . . . , t − 2.
For the remaining t components, all vertex labels will be even numbers. We distinguish 2 cases:
Case 1: t is odd. Let t = 2r + 1. The vertex sets are:
{2, 3s+ 4, 6s− 2}
{4i+ 2, 3s− 2+ 4i, 6s+ 4− 8i}, for i = 1, 2, . . . , r.
{4i, 3s+ 4+ 4i, 6s− 8i}, for i = 1, 2, . . . , r.
2762 D. McQuillan, J.M. McQuillan / Discrete Mathematics 309 (2009) 2755–2762
Case 2: t is even. Let t = 2r . The vertex sets are:
{4, 3s+ 2, 6s− 2}
(If t > 2), {4+ 4i, 3s+ 4i, 6s− 8i}, for i = 1, 2, . . . , r − 1.
{4i− 2, 3s+ 4i+ 2, 6s+ 4− 8i}, for i = 1, 2, . . . , r.
9. Concluding remarks
Let p be any odd positive integer with p = 2q + 1. In [13], a technique is introduced for using a VMTL of the r-cycle
Cr to obtain a VMTL for Cpr . The goal in that paper was to study the spectrum for cycles. However, the method can be
used in connection with Wallis’ result [19] to obtain VMTLs for a large number of 2-regular graphs from just one VMTL
of a disconnected 2-regular graph. Let G be isomorphic to a disjoint union G ∼= Ck1 ∪ · · · ∪ Ckl of cycles with index set
I = {1, 2, . . . l}. Let J be any subset of I . Let GJ =
(⋃
i∈J pCki
) ∪ (⋃i∈I−J Cpki), where all unions are disjoint. It is shown in
[14] that if G has a vertex-magic total labeling (VMTL) with a magic constant of h then GJ has VMTLs with magic constants
6q (k1 + k2 + · · · + kl)+ h and ph− 3q.
As an example, a single magic labeling of 4C3 can be used just with p = 5 to immediately obtain VMTLs for the disjoint
unions C15∪15C3 and 2C15∪10C3. Therefore, the results of this paper can be applied to obtainmanyVMTLs of other 2-regular
graphs as well. However, there is still a lot of work left towards answering the question of Kotzig and Rosa.
Finally, we present a conjecture concerning the spectrum of sC3 for the remaining unknown cases for s. Our computer
search shows that the graph 3C3 does not have a VMTL with a magic constant of 25, 26, 31 or 32. Furthermore, there is no
VMTL for 4C3 with a magic constant of 32 or 43, its lowest and highest feasible values. We found at least one VMTL for each
feasible value for 5C3. We make the following:
Conjecture 18. For each s ≥ 5, the spectrum of sC3 coincides with its range of feasible values.
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